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Abstract
New corrections to General Relativity are considered in the context of modified
gravity, that satisfy cosmological and local gravity constraints. The proposed
models behave asymptotically as R − 2Λ at large curvature and tends to zero
at R→ 0, containing flat spacetime solution and implying that the accelerated
expansion is unrelated to quantum vacuum energy in flat space-time. The
steepness of the deviation parameter m at late times, for the analyzed models,
leads to measurable signal of scalar-tensor regime in matter perturbations, that
allows to detect departures form the ΛCDM model.
1 Introduction
Among all models of dark energy, the ΛCDM is the simplest and the most accurate in
terms of consistency with observational data (for review see [1, 2, 3, 4]). However its
non-dynamic behavior gives rise to a single possible cosmological scenario in which
the fine-tuning problem cannot be solved. This motivates the development of different
approaches to the dark energy problem with models that have dynamical nature and
avoid the introduction of a cosmological constant. Among these models, modified
∗luis.granda@correounivalle.edu.co
1
ar
X
iv
:2
00
7.
13
95
6v
1 
 [g
r-q
c] 
 28
 Ju
l 2
02
0
gravity f(R) models stand out, especially after the recent discovery of gravitational
waves [5] and the measurement of their speed with great accuracy, which led to
the discarding of several scalar-tensor models and models belonging to the class of
Horndeski or Galilean theories [6, 7, 8]. An attractive feature of modified gravity
models is that they lead to cosmic accelerated expansion without introducing a dark
energy matter component. These f(R) models contain non-linear in R corrections to
the General Relativity that must pass various restrictions ranging from cosmological
to those imposed by local gravity phenomena (see [9, 10, 11, 12, 13, 14] for reviews).
Most f(R) models pass satisfactorily cosmological constraints, but the main obstacle
for being successful is the fulfillment with the more stringent local gravity constraints.
Compliance with these local constraints renders many models indistinguishable from
ΛCDM and probably it is not possible to distinguish them from ΛCDM through
observations, at least with the current precision available. So it is important to
consider models that maintain a balance between behaving like General Relativity
(GR) in local phenomena and showing signals of modified gravity at other scales,
which can be measured with the next improvement in observational capacity. Thus
for instance, there can be differences in the dynamics of perturbations that lead to
interesting signatures that can be observed in the near future.
Citing just a few among the large amount of work done in f(R) gravity [15, 16,
17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38,
39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53], it can be highlighted that
the most studied corrections to the Einstein gravity are those containing positive
and negative powers of curvature, for which it was found that positive powers of
curvature are important at early times and can lead to successful inflation like the
Starobinsky R2 model [54], while negative powers of curvature can give consistent late
time cosmological behavior but contain instabilities that prohibit the formation of a
matter dominated era, and are also inconsistent with solar system tests [55, 56, 18, 57,
34, 35, 37]. Cosmological constraints on f(R) models using different observational
data were performed in [58, 59, 60, 61, 62, 63, 64]. Solar system constraints and
chamaleon mechanism have been studied in [40, 57, 45, 65, 66, 67, 68], and f(R)
models that can satisfy both cosmological and local gravity constraints have been
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proposed in [45, 69, 70, 71, 72, 73, 74, 75].
In the present paper we propose f(R) models that satisfy the stability conditions
f ′(R) > 0, f ′′(R) > 0, comply with cosmological and local gravity constraints and
can lead to signals of scalar-tensor regime measurable at late times. These corrections
to the GR are of the form e−g(R) where the function g(R) is a positive definite function
that satisfies the asymptotic behavior, g(R→∞)→ 0 and g(R→ 0)→∞. The first
limit leads to an effective cosmological constant while the second leads to disappearing
cosmological constant in the flat space time limit. Hence the accelerated expansion
is explained as a geometrical effect, unrelated to quantum vacuum energy in flat
space-time. Some models are proposed that in the regime µ2 << R converge to
g(R) = λ1(µ
2/R)η [74, 75]. A simple generalization of the Hu-Sawicki (HS) model is
proposed.
This paper is organized as follows. In section 2 we present the general features of
the f(R) models. In section 3 we present some models that give viable cosmologies,
and analyze their behavior under large curvature regime and at late times. Some
discussion is given un section 4.
2 General field equations and constraints
The modified gravity is described by a general action of the form
S =
∫
d4x
√−g
[
1
2κ2
f(R) + Lm
]
(2.1)
where κ2 = 8piG, f(R) is a function of curvature that contains the linear Einstein
term and non-linear corrections to it, and Lm is the Lagrangian density for the matter
component which satisfies the usual conservation equation. For the flat Friedmann-
Robertson-Walker metric the equations of motion are given by
3H2F =
1
2
(RF − f)− 3HF˙ + κ2ρ (2.2)
and
− 2H˙F = F¨ −HF˙ + κ2 (ρ+ p) (2.3)
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where dot represents derivative with respect to cosmic time, F = f,R = ∂f/∂R and
ρ and p are the energy density and pressure for the matter component represented
as a perfect fluid (in what follows we will use indistinctly f,R or F = f,R). The field
equation (2.2) can be written in more compact form by defining the effective energy
density as follows
H2 =
κ2
3
ρeff , (2.4)
where
ρeff =
1
F
[
1
2κ2
(
RF − f − 6HF˙
)
+ ρ
]
(2.5)
The Eqs. (2.2) and (2.3) lead to the following effective equation of state (EoS)
weff = −1− 2H˙
3H2
= −1 + F¨ −HF˙ + κ
2 (ρ+ p)
1
2
(RF − f)− 3HF˙ + κ2ρ, (2.6)
where ρ and p include both matter and radiation components, i.e. ρ = ρm + ρr and
p = pm + pr. Defining the modified density parameters Ωm and Ωr as
Ωm =
κ2ρm
3FH2
, Ωr =
κ2ρr
3FH2
, (2.7)
one can write the DE equation of state as follows [41]
wDE =
weff − F/(3F0)Ωr
1− F/F0 (Ωm + Ωr) (2.8)
where F0 is the current value of F that is used to rewrite Eqs. (2.2) and (2.3) as
3F0H
2 = κ2 (ρm + ρr + ρDE) (2.9)
and
− 2F0H˙ = κ2
(
ρm +
4
3
ρr + ρDE + pDE
)
. (2.10)
wDE can also be written in terms of the redshift as
wDE =
1
3
(1 + z)dH˜
2
dz
− 3H˜2 − Ωr0(1 + z)4
H˜2 − Ωm0(1 + z)3 − Ωr0(1 + z)4
, (2.11)
where H˜ = H/H0 and the subscript ”0” stands for present values.
In general, the function f(R) can be written as the linear term that describes the
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Einstein gravity plus a non-linear function of R that describe the deviations from
Einstein gravity that must be negligible (compared to the curvature) in the early uni-
verse and become relevant at late times to account for accelerated cosmic expansion.
Any suitable f(R) model must comply with the absence of ghost instabilities and
must be stable under matter perturbations at high curvature regime [55, 37], that are
satisfied if the conditions
∂f(R)
∂R
> 0,
∂2f(R)
∂R2
> 0 (2.12)
take place throughout the whole period of evolution of the universe. In modified
gravity, due to the non-linear correction to R, there is a propagating scalar degree of
freedom f,R whose dynamics follows from the trace equation given by
f,R(R) =
1
3
(2f(R)−Rf,R(R)) + κ
2
3
(3p− ρ) = dVeff
df,R
. (2.13)
where the right hand side of this equation is represented as the derivative of an
effective potential Veff with respect to the scalar field f,R. Then the mass of f,R can
be defined as
M2 =
d2Veff
f 2,R
=
1
3
(
f,R
f,RR
−R
)
. (2.14)
Since viable models satisfy f,R ≈ 1, then and at high curvature (in matter epoch for
instance) Rf,RR << 1 this mass can approximated as
M2 ' 1
3f,RR
(2.15)
This mass allows to define the corresponding Compton wavelength, λC = 2pi/M , that
mediates the interaction due to the extra scalar degree of freedom also called scalaron.
In regions of high density (compared to background density) where GR is dominant,
the scalaron mass acquires large values (compared to the corresponding background
value) giving rise to the so called chamaleon mechanism [76, 77].
On the other hand, the cosmological viability of an f(R) model imply the consistency
with all observational evidence on late time accelerated expansion and also consistency
with the high redshift universe where the GR is valid. For its analysis it is useful to
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resort to the parameters r and m defined as
r = −Rf,R
f
, m =
Rf,RR
f,R
, (2.16)
that characterize de deviation from the ΛCDM model. In fact the matter dominant
era corresponds to r = −1 and m = 0, where the GR is dominant and ΛCDM
corresponds to the line m = 0. Using m we can write M2 given in (2.14) as
M2 =
R
3m
(1−m) . (2.17)
then the approximation (2.15) can be expressed as
M2 ' R
3m
(2.18)
The deviation parameter m enters in the dynamical system defined for the variables
x = − F˙
HF
, y = − f
6H2F
, z =
R
6H2
=
H˙
H2
+ 2, w =
κ2ρr
3H2F
, Ωm =
κ2ρm
3H2F
(2.19)
That allows to find the cosmological scenarios arising from the critical points and its
stability properties, as shown with details in [41, 47]. In what follows we will analyze
the cosmological viability of the models with the help of the parameters m and r and
their direct relationship with the critical points of the dynamic system as performed
in [41, 47]. We focus on three critical points: the point P5 that gives rise to scaling
solutions including matter dominated era, the de Sitter attractor P1 and the criti-
cal line m = −r − 1 which is the intersection with the curvature-dominated critical
point P6 [41, 47]. Particularly we are interested in trajectories in the (r,m)-plane
that connect the saddle matter-dominated critical point PM(−1, 0) with the de Sitter
attractor at the line r = −2 in the region 0 < m ≤ 1, following the study initiated in
[74, 75].
The most stringent constraints are related to the local gravity systems where the cur-
vature is much larger than that of the background. In local systems, as well as at high
curvature, the model must be practically indistinguishable from GR, which implies
for an f(R) model that f,R ' 1 (or limR→∞ f(R)/R = 1) and f,RR ' 0 for R` >> Rb,
where R` is the typical curvature of the local system and Rb is the background curva-
ture. This also applies when Rg >> R0 (R0 is the current curvature) and restrictions
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from Big Bang nucleosynthesis and the Cosmic Microwave Background appear.
3 f (R) functions that give viable cosmologies
Here we discuss some f(R) models that meet all required conditions of stability, cos-
mological viability and satisfy local gravity constraints. Let us begin with the recently
proposed model [74, 75]
f(R) = R− λµ2e−
(
µ2
R
)η
, (3.1)
where µ2 is a scale parameter and λ and η are real positive. This model behaves
asymptotically as
lim
R→∞
f(R) = R− λµ2, lim
R→0
f(R) = 0. (3.2)
showing consistency with ΛCDM at high redshift, and with disappearing cosmological
constant at R → 0, allowing the possibility of pure geometrical explanation of the
dark energy. The analysis of this model was performed in [74], where the cosmological
and local gravity restrictions were analyzed for the case η < 1. Here we complete
the analysis by considering the case η > 1 which appears to be more interesting,
since the behavior of m(r) allows to detect signals of modified gravity that would be
within reach of observations in the near future. The stability conditions f,R > 0 and
f,RR > 0 were found under the assumption that µ
2 < R and it was found that f,R > 0
is satisfied if ηλ > 1. For the second derivative it was found that f,RR > 0 whenever
[75]
1 + η − η
(
µ2
R
)η
> 0,
which is clearly satisfied for η > 0. Then, provided that µ2 < R, the stability
conditions f,R > 0 and f,RR > 0 are simultaneously satisfied if η > 0 and ηλ < 1.
Note also that η > 1 ensures rapid convergence to ΛCDM whenever µ2 < R. For λ
small enough and µ2 < R one can make the approximation
f(R) ' R− λµ2 + λµ2
(
µ2
R
)η
(3.3)
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which gives the effective cosmological constant Λ ∼ λµ2 that leads to late-time accel-
erated expansion. The expressions for r and m from from (2.16) are
r = −
R
µ2
e
(
µ2
R
)η
− ηλ
(
µ2
R
)η
R
µ2
e
(
µ2
R
)η
− λ
, (3.4)
m =
ηλ
(
µ2
R
)1+η [
1 + η − η
(
µ2
R
)η]
e
(
µ2
R
)η
− ηλ
(
µ2
R
)1+η , (3.5)
It can be seen from these expressions that
lim
R→∞
r = −1, lim
R→∞
m = 0, (3.6)
and given the conditions η > 0 and ηλ < 1 it also follows that r < −1 and m > 0
(i.e. m(r → −1−) → 0+), which proves the existence of matter dominated era. The
stable de Sitter critical point was found by fixing the parameter λ from the solution
to r = −2 (or Rf,R − 2f = 0) at R = Rds, what gave
λ =
ydse
(
1
yds
)η
2− η
(
1
yds
)η , (3.7)
where yds is defined by yds = RdS/µ
2. For λ to be positive it is required that
yds >
(η
2
)1/η
(3.8)
Using λ in Eq. (3.5) and evaluating at R = ydsµ
2 gives
m(yds) =
ηy−ηds
(
1 + η − ηy−ηds
)
2− 2ηy−ηds
(3.9)
Then, the stability condition 0 < m(r = −2) ≤ 1 at the de Sitter point in the
case η > 1 leads to inequalities
yds ≥
(
2η
η + 3−√η2 + 6η + 1
)1/η
, or (3.10)
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Figure 1: Trajectories in the (r,m)-plane for three scenarios corresponding to (η =
3, yds = 10), (η = 4, yds = 8) and(η = 5, yds = 7). All trajectories connect the
matter dominated saddle point PM with the late time de Sitter attractor at r = −2.
Notice that for a given η the parameter yds must satisfy the restriction (3.12).
(
2η
η + 3 +
√
η2 + 6η + 1
)1/η
≤ yds <
(
η
1 + η
)1/η
. (3.11)
The consistency with λ > 0 (3.8) leads to the following restriction on yds
yds ≥
(η
4
(
η + 3 +
√
η2 + 6η + 1
))1/η
. (3.12)
Since η > 1, from this expression follows that yds > 1. Viable cosmological trajectories
in the (r,m)-plane, for models with η > 1, that connect the matter-dominated saddle
point PM with the future de Sitter attractor at the line r = −2, are shown in Fig.1
Taking into account λ from (3.8) in the second term in (3.1), and evaluating it at
current epoch, the result should be very close to the expected value of the cosmological
constant (Λ)
(f(R)−R)
∣∣∣
R=R0
= − ydse
(
1
yds
)η
2− η
(
1
yds
)ηµ2e−( µ2R0)η ≈ −2Λ (3.13)
where R0 is the current curvature scalar. Using the fact that yds > 1, then in the
extreme case η >> 1 (given that µ2 < R0) the above relation can be simplified
(f(R)−R)
∣∣∣
R=R0,η>>1
∼ −1
2
Rds (3.14)
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In fact this value can also be approached in the limit
lim
R→∞
(f(R)−R) = −λµ2 = −2Λ∞ ∼ −1
2
Rds. (3.15)
In general Eq. (3.13) is a consistency relationship of µ2, η and yds (instead of λ)
with the observed value of the cosmological constant. It can be viewed as an implicit
functions that gives yds in terms of µ
2 and η, including initial conditions. On the
other hand from the Friedmann equation with cosmological constant it follows that
the corresponding density parameter of dark energy can be written as
ΩΛ =
Λ
3H20
. (3.16)
Then from (3.13) follows
ydse
(
1
yds
)η
2− η
(
1
yds
)ηµ2e−( µ2R0)η ≈ 6ΩΛH20 ≈ 12ΩΛR0, (3.17)
where H0 ' 10−33ev. Given η one can set the scale µ2 to find yds, or alternatively,
given yds in the region (3.12) depending on η, then the scale µ
2 becomes defined.
Setting, for instance µ2 = H20 , from (3.15) we find
ydse
(
1
yds
)η
2− η
(
1
yds
)η ≈ 6ΩΛe(1/12)η . (3.18)
Thus, for η = 3, from (3.18) follows that yds ≈ 8.37 and η = 5 gives yds ≈ 8.39,
where we have assumed that ΩΛ ≈ 0.7. In fact, the larger η is, the closer yds is to
12ΩΛ ≈ 8.4, corroborating the approximation (3.14).
The curves of Fig. 1 were obtained for η and yds given. Then we can find the corre-
sponding values of µ2 that satisfy Eq. (3.17), which are given in table I.
A way to explain the unobservability of the extra scalar degree of freedom (scalaron)
in local gravity systems is to assume that its associated Compton wavelength λC is
negligible compared to the typical size of the system, i.e. λC << `, where ` is the
average size of the local gravity system. This fact leads to the restriction M` >> 1,
where M is given in (2.15), which in terms of the deviation parameter m means
10
m(R`) << `
2R` [66, 47]. Applied to our solar system with curvature Rs ∼ 106H20 , it
gives m(Rs) << 10
−24. In table I we summarize some numerical results for the solar
system.
η yds µ
2/H20 ys m(ys)
1 15 0.56 1.8× 106 6.4× 10−12
2 12 0.7 1.4× 106 1.2× 10−17
3 10 0.84 1.2× 106 3× 10−23
4 8 1 106 8× 10−29
5 7 1.2 8.3× 105 3× 10−34
7 6 1.44 6.9× 105 3× 10−45
Table I
where ys = Rs/µ
2. Notice that in all cases µ2 ∼ O(1)H20 . More practical is to set
µ2 = H20 which gives: yds ≈ 9.1 for η = 1, yds ≈ 8.42 for η = 2 and yde ≈ 8.4 for all
η > 3.
Restrictions from matter density perturbations
The evolution of mater perturbations during the matter dominance is controlled by
the equation [78, 79, 11]
δ¨m + 2Hδ˙m − 4piGeffρmδm ' 0 (3.19)
where δm ' δρm/ρm and Geff is the effective gravitational coupling
Geff =
G
f,R
4 + 3M2a2/k2
3 (1 +M2a2/k2)
(3.20)
During matter dominance, the deviation parameter m for viable f(R) models must
satisfy m << 1, which is equivalent to a large mass M according to Eqs. (2.15) and
(2.18). The region M2 >> k2/a2 corresponds to the GR regime, where δm evolves
as δm ∝ t2/3 during the matter dominance. At latter times the perturbations can
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enter the scalar-tensor regime that takes place for M2 << k2/a2 with the effective
gravitational couplingGeff ' 4G/(3f,R), and the evolution of δm is different, behaving
as δm ∝ t(
√
33−1)/6 [78, 79, 11]. The transition from GR regime to the modified
gravity or scalar-tensor regime occurs at M2 = k2/a2. Since the transition occurs
during matter dominance (weff ≈ 0 and R ≈ 3H2), then taking into account the
approximation (2.18) valid for m << 1, leads to
M2 =
k2
a2
⇒ m '
(
aH
k
)2
(3.21)
For wave numbers in the interval
0.01hMpc−1 . k . 0.2hMpc−1, h = 0.72± 0.08, (3.22)
relevant to the linear regime of the galaxy power spectrum [80, 81, 82, 83, 84, 85],
if the transition to scalar-tensor regime occurred in the current epoch (z ≈ 0) for
the upper bound k ≈ 0.2h Mpc−1 ≈ 600a0H0, then according to (3.21) the deviation
parameter is constrained to values
m(z ≈ 0) & 3× 10−6 (3.23)
This bound would be within reach of observations in the near future. If the transition
occurs during the deep matter era, then the redshift zk for the transition point can be
estimated for a given model if the deviation parameter m as function of R is known.
During matter dominance and given that µ2 << R for the model (3.1), the following
approximation for m given in (3.5) takes place
m ≈ λη(η + 1)
(
µ2
R
)1+η
, (3.24)
which in addition to the approximations valid during matter dominance
H2 ' H20 Ωm0(1 + z)3, R ' 3H2, (3.25)
allows to find from (3.21) the following expression for the transition redshift zk
zk =
[(
k
a0H0
)2
2η(η + 1)ΩΛ
3ηΩη+2m0
] 1
3η+4
− 1, (3.26)
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where we used the estimation (3.15) for λµ2 (Rds ≈ ΩΛR0) and µ2 ≈ H20 (see table
I). Some values of m(z ≈ 0) and zk are listed in table II.
η m(z ≈ 0) ( k
a0H0
≈ 600) zk ( ka0H0 ≈ 300)
1 0.034 7.46
2 7.2× 10−3 4.03
3 1.4× 10−3 2.68
4 3.9× 10−4 2
5 10−4 1.6
7 7.2× 10−6 1.13
Table II
Inverse power of inverse power-law model.
As a model that comply with all requirements of stability, cosmological viability and
satisfies local gravity constraints we can consider the following
f(R) = R− λµ2
[
1 +
(
µ2
R
)η]−α
(3.27)
where λ > 0, η > 0 and α > 0. This model behaves asymptotically as
lim
R→∞
f(R) = R− λµ2, lim
R→0
f(R) = 0. (3.28)
So, this model has disappearing cosmological constant in the flat spacetime limit,
giving pure geometrical interpretation to the accelerated expansion. In the regime
µ2 << R this model behaves as HS and Starobinsky models
f(R) ' R− λµ2
(
1− α
(
µ2
R
)η)
(3.29)
and also coincides with the three-parameter HS model (c2 = 1) for α = 1. It would
be interesting to compare the role of the constant α compared to the role of λ1 in
model ([75]) or c2 in the HS model. The first and second derivatives of (3.27) are
f,R = 1− αλη
(
µ2
R
)η+1 [
1 +
(
µ2
R
)η]−α−1
(3.30)
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f,RR =
αλη
µ2
(
µ2
R
)η+2 [
1 +
(
µ2
R
)η]−α−2(
1 + η + (1− αη)
(
µ2
R
)η)
(3.31)
given that µ2 < R, the condition f,R > 0 can be satisfied for αλη < 1, and
f,RR > 0 leads to
1 + η + (1− αη)
(
µ2
R
)η
> 0. (3.32)
This inequality is satisfied in the case α = 1/η or αη < 1 which are independent of
R, or
ηα > 1 and
µ2
R
<
(
η + 1
αη − 1
)1/η
, (3.33)
and given that µ2 < R then the last inequality reduces to η(α− 1) > 2. Then, taking
into account that f,R > 0 for αλη < 1, the stability conditions are simultaneously
satisfied in the following cases:
1.
α =
1
η
& λ < 1,
2.
0 < λ ≤ 1 & 0 < α < 1
η
, or λ > 1 & 0 < α <
1
ηλ
,
3.
0 < λ <
1
2
& η <
1− 2λ
λ
&
η + 2
η
< α <
1
ηλ
. (3.34)
The de Sitter curvature from r(Rds) = −2 can be found by fixing λ, which gives
(Rds = µ
2yds)
λ =
yds
(
1 + y−ηds
)α+1
2 + (2− αη)y−ηds
. (3.35)
under the condition α << 1, λ can be approximated as
λ ≈ yds
(
1 + y−ηds
)
2
(
1 + (1− 1
2
αη)y−ηds
) ' 1
2
yds (3.36)
From (3.35), the condition for λ > 0 is accomplished if
0 < α ≤ 2
η
(3.37)
which is valid for any yds, or depending on yds
α >
2
η
, & yds >
(
αη − 2
2
)1/η
(3.38)
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Replacing λ in (3.27) and using the Eqs. (2.16) we find (setting R = µ2y)
m =
αηyds
(
1 + y−ηds
)α+1
y−η ((αη − 1)y−η − η − 1)
(1 + y−η)
[
αηyds
(
1 + y−ηds
)α+1
y−η +
(
(αη − 2)y−ηds − 2
)
y (1 + y−η)α+1
] , (3.39)
r = −
y
[
αηyds
(
1 + y−ηds
)α+1
y−η−1 (1 + y−η)−α−1 + (αη − 2) y−ηds − 2
]
yds
(
1 + y−ηds
)α+1
(1 + y−η)−α +
(
(αη − 2) y−ηds − 2
)
y
. (3.40)
To find the stability condition at the de Sitter point, we evaluate m(yds) obtaining
m(yds) =
αηy−ηds
(
1 + η + (1− αη)y−ηds
)
2
(
1 + y−ηds
) (
1 + (1− αη)y−ηds
) . (3.41)
Then, the condition of stability, (0 < m(r = −2) ≤ 1), can be accomplished in the
following intervals that do not depend on yds:
0 < η ≤ 1 & 0 < α ≤ 1
η
or
η > 1 & 0 < α ≤ 8
η2 + 6η + 1
. (3.42)
Or depending on yds
η > 1 &α >
2
η
&
yds ≥
[
2 (α2η2 − 3αη + 2)
αη2 + 3αη − 4−√α2η4 + 6α2η3 + α2η2 − 8αη2
]1/η
,
or η > 1 &α >
2
η
&[
2 (α2η2 − 3αη + 2)
αη2 + 3αη − 4 +√α2η4 + 6α2η3 + α2η2 − 8αη2
]1/η
≤ yds <
[
αη − 1
η + 1
]1/η
, (3.43)
which are compatible with the conditions (3.34), (3.37) and (3.38).
Numerical analysis shows that models (3.27) with η < 1 satisfy cosmological and
local gravity constraints, but these last constraints imply too small values of m(r)
at current or late times (m << 10−6), making it very difficult to detect measurable
differences with the ΛCDM model. In fact the numerical results for η < 1 are similar
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η=7η=5
η=3  PM
de Sitter
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r
m
Figure 2: Viable cosmological trajectories for the model (3.27) that connect the
matter-dominated saddle critical point PM with the late-time de Sitter attractor at
r = −2 with 0 < m < 1. All trajectories have been calculated for yds = 1, α = 0.01
and correspond to η = 3 (dotted), η = 5 (dashed) and η = 7 (dot-dashed).
to the ones obtained in [74, 75]. More attractive are the results obtained in the case
η > 1. In Fig. 2 we show trajectories for some cases η < 1 in the (r −m)-plane for
the model (3.27).
Note the slight change in the concavity that becomes more pronounced for larger η.
It is also interesting that the larger η is, the longer the curve remains in the region of
m close to zero but the steeper the curve towards later times. This behavior increases
the chances of observing deviations from ΛCDM in the near future with the increase of
the observational capacity. Replacing λ from (3.35) into (3.27) and and evaluating at
current epoch, we can compare with the observed value of the cosmological constant
(f(R)−R)
∣∣∣
R=R0
= −yds
(
1 + y−ηds
)α+1
2 + (2− αη)y−ηds
µ2
[
1 +
(
µ2
R0
)η]−α
≈ −2Λ. (3.44)
Then, using (3.16) we arrive at the relation
yds
(
1 + y−ηds
)α+1
2 + (2− αη)y−ηds
µ2
[
1 +
(
µ2
R0
)η]−α
≈ 1
2
ΩΛR0. (3.45)
Given that µ2 < R0 and under the assumption α << 1 (see (3.36)) this equation
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gives the approximation
λµ2 ≈ 1
2
ydsµ
2 =
1
2
Rds ≈ 1
2
ΩΛR0. (3.46)
So, for yds = 1 we find µ
2 ≈ 8.4H20 , which for the solar system gives ys ≈ 1.2 × 105.
In table 3 we show some numerical results for the deviation parameter m =
Rf,RR
f,R
for
the solar system
η α m(ys)
1 0.01 7.1× 10−13
3 0.01 3× 10−22
5 0.01 5.4× 10−32
7 0.01 7.1× 10−42
9 0.01 8.1× 10−52
Table III
Note that if we choose smaller α, then m(ys) becomes smaller and local gravity
constraints can be satisfied for the cases η < 3.
Concerning the matter density perturbations, the transition from GR to scalar-tensor
regime in the deep matter era, can be evaluated taking into account that µ2 << R
takes place at that epoch, and therefore m(r) can be approximated as
m ≈ αλη(η + 1)
(
µ2
R
)η+1
. (3.47)
Following the steeps of the previous case, we find for zk the following expression
zk =
[(
k
a0H0
)2
3αη(η + 1) (4ΩΛ)
η+1
2Ωη+2m0
] 1
3η+4
− 1, (3.48)
where we used µ2 = ΩΛR0 (corresponding to yds = 1). In table IV we show some
results from linear approximation in matter perturbations, corresponding to the wave
number relevant to galaxy power spectrum and the transition redshift inside matter
dominated era. The values are calculated for α = 0.01, Ωm = 0.3 and ΩΛ = 0.7.
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η m(z ≈ 0) ( k
a0H0
≈ 600) zk ( ka0H0 ≈ 300)
3 8.7× 10−3 3.6
5 0.013 2.77
7 0.014 2.36
9 0.012 2.11
Table IV
Note that the case η = 1 is not considered since m(ys) is very large for solar system
constraints as seen in table III. Hence, the model (3.27) comply with all requirements
of viability for a geometrical description of dark energy. An important feature of
this model is the steepness behavior of the deviation parameter m as shown in Fig.
2, that allows to find measurable differences with ΛCDM, since m can reach values
today that are within the scope of the near future observations, as shown in table IV.
It is worth noting that for α > 1 the approximation λ ∼ yds/2 given in (3.36) is not
accurate and the expression (3.35) must be used in each case. Comparing the model
(3.27) to the HS model given by
f(R) = R− c1m2 (R/m
2)
n
c2 (R/m2)
n + 1
, (3.49)
we can see that both models depend on four parameters. The difference lies in the fact
that in the model (3.27) the parameter α acts as a power, while in HS the parameter
c2 is a coefficient. Only making α = c2 = 1 the two models coincide. But even if
α 6= c2, with the appropriate choice of α and c2, the difference between the models
becomes very tiny in all regimes (for given η = n).
To better understand the role of α we analyze the general expression for m given in
(3.39). At very large curvature, in the regime R >> µ2 we can also assume that
R >> Rds (y >> yds), and in this case keeping only the principal term in m we find
the approximation from (3.39)
m ≈ αηydsy−η−1 (3.50)
which determines its order of magnitude. Thus, if we take η = 5, α = 0.01 and
yds ∼ 1, then we find for the solar system with y ∼ 105
m(ys) ∼ 10−32,
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which closely agree wit the result in table III.
To have an estimation of the effect of the new parameter α in the behavior of the
deviation parameter m(r) at late times, we can consider the vicinity of the de Sitter
attractor as reference and analyze m at Rds. From the expression (3.41) for m(yds)
it becomes clear that assuming yds & 1 and for η > 1
m(yds) ∼ αηy−ηds (3.51)
So that at late times the order of magnitude of m is determined by the product αηy−ηds .
If one can assumes, for instance yds ∼ 1, then for η = 5, α = 0.01 it gives
m(z ≈ 0) ∼ 10−2,
in agreement with the result in table IV. Then we can see that α is not so relevant
in the regime µ2 << R, but at late times affects in important form the slope of
m(r) leading to values m(z ≈ 0) > 10−6, which are between the possibilities of
observational detection of scalar-tensor regime, as discussed above.
Other viable models
In general we can define a class of modified gravity models that are represented by
functions of the form
f(R) = R− λµ2e−g(R) (3.52)
where the function g(R) is positive definite and satisfies the asymptotic behavior
lim
R→∞
g(R) = 0, lim
R→0
g(R) =∞. (3.53)
These type of models lead to the absence of cosmological constant in the flat space-
time limit, so that the curvature effect that induces the accelerated expansion is
unrelated to quantum vacuum energy in flat space-time. The simplest choice for
g(R) that satisfies these conditions is the monomial
g(R) = λ1
(
µ2
R
)η
(3.54)
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Other simple case is the model (3.27) that corresponds to the function
g(R) = α ln
[
1 +
(
µ2
R
)η]
. (3.55)
This model gives viable results in all scales, from cosmological to local, as shown in
Fig. 2 and tables II-IV. The f(R) for this model, which is the model (3.27) can also
be written in the form
f(R) = R− λµ2
(
µ2
R
)αη
[(
µ2
R
)η
+ 1
]α , (3.56)
which for α = 1 reduces to the HS model [45] in the case c2 = 1. Note that the
function (3.55) reduces to the simple monomial case (3.54) whenever µ2 << R.
We can ”recharge” the model (3.55) by introducing a new parameter λ1 as follows
g(R) = α ln
[
1 + λ1
(
µ2
R
)η]
, (3.57)
that leads to
f(R) = R− λµ2
[
1 + λ1
(
µ2
R
)η]−α
(3.58)
This model is a viable generalization of the four-parametric HS model and reduces
to it by setting α = 1 and making the replacements: c1 → λ/λ1 and c2 → 1/λ1. In
the regime µ2 << R there is degeneracy in parameters α and λ1, since g(R) reduces
to the monomial model (3.54) where αλ1 → λ1. Note that, apart form the expansion
valid for η > 1 and µ2 << R, there is not direct connection with the Starobinsky
model [69] for arbitrary parameters since in this last model the cosmological constant
enters as an additive term in the Lagrangian that is canceled at the flat spacetime
limit.
The deviation parameter for this model is given by
m =
αηλ1yds
(
1 + λ1y
−η
ds
)α+1
y−η (λ1(αη − 1)y−η − η − 1)
(1 + λ1y−η)
[
αηλ1yds
(
1 + λ1y
−η
ds
)α+1
y−η +
(
λ1(αη − 2)y−ηds − 2
)
y (1 + λ1y−η)
α+1
] ,
(3.59)
assuming again yds & 1, in the regime µ2 << R we arrive at the approximation
m ≈ αλ1ηydsy−η−1. (3.60)
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taking for instance yds ∼ 1 and α = 0.01, λ1 = 10, η = 5, we find for the solar system
m(ys) ∼ 10−31.
It is clear from (3.60) that α and λ are not determinant in the order of magnitude of
m, whenever µ2 << R (y >> 1) and the product αλ1 is not too big or too small.
To have an estimation of the late time behavior for m(r), we analyze it in the vicinity
of the de Sitter point Rds. From (3.59) we find
m(yds) =
αηλ1y
−η
ds
(
1 + η + λ1(1− αη)y−ηds
)
2
(
1 + λ1y
−η
ds
) (
1 + λ1(1− αη)y−ηds
) . (3.61)
If λ1 << 1 and assuming yds & 1 we can make the approximation
m(z ≈ 0) ≈ 1
2
η(η + 1)αλ1y
−η
ds (3.62)
and the slope of m at late times can be incremented by incrementing α. If λ1 > 1,
the following approximation takes place
m(z ≈ 0) ≈ αηλ1y
−η
ds
2
(
1 + λ1y
−η
ds
) . (3.63)
For a given η if one fixes the product αλ1 = const., then from (79) follows that it
will not change the order of magnitude of m(ys) but λ1 will affect the slope of the
trajectory at late times according to (82). Then for fixed η we can have trajectories
that starting from the same value at the matter dominated era acquire different slopes
at late times, being more steep for smaller values of λ1. In the limit λ1 >> 1 we find
that
m(z ≈ 0) ≈ 1
2
αη, (3.64)
and the steepness of m will not depend on λ1.
Another type of models that belong to this class can be generated from
g(R) = α
(
ln
[
1 + λ1
(
µ2
R
)η])β
, (3.65)
with α, λ1, η, β > 0. This class of models in the vicinity of µ
2 << R are degenerate,
so that notable differences between them take place only if the expansion in powers
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of µ2/R is not accurate, which is possible if during the expansion the region µ2 ∼ R
is reached.
A deviation parameter m with considerable steepness at late times is also presented
in models of the type
f(R) = R− λµ2e−α sinh
[(
µ2
R
)η]
(3.66)
In the regime µ2 << R the deviation parameter for this model can be approximated
as
m ≈ αη(η + 1)ydsy
−η
2yeα sinh(y−η)
. (3.67)
Assuming η = 5, α = 0.1 and yds = 2, we find for the solar system
m(ys) ∼ 10−32.
For late times we find the approximation
m ≈ 1
2
αη(η + 1)y−ηds , (3.68)
which gives for η = 5, α = 0.1, yds = 2
m(z ≈ 0) ∼ 0.047.
Then the function sinh
[(
µ2
R
)η]
is more relevant at high curvature, while for a given
η and yds, the slope of the deviation parameter at late times changes proportional to
α.
4 Discussion
The main challenge of the modified gravity models to explain the late time acceler-
ated expansion is to reconcile cosmological restrictions with the strictest local gravity
constraints, while maintaining its own characteristics that separate them from the
standard ΛCDM model. In the present paper we propose models that comply with
all these requirements and can lead to measurable signs of scalar-tensor regime from
matter density perturbations. We continue the analysis of the model proposed in
[74] to the interval η < 1, where it was found that for η ≥ 3 the model satisfies local
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gravity restrictions (the cosmological restrictions can be satisfied for any η > 0, where
η = 0 leads to the cosmological constant) as illustrated by numerical analysis in Fig.
1. Fig 1 shows a common characteristic to all the models considered in the present
paper: all trajectories connect the matter dominated saddle point with the late time
de Sitter attractor at r = −2 and 0 < m(r = −2) ≤ 1. For wave numbers relevant to
the linear regime of the galaxy power spectrum, the model shows values of the devia-
tion parameter m (see table II) that are larger than the lower limit established for the
transition (m & 3× 10−6), which are between the scope of near future observations.
There is also a transition from GR to ST regime in matter era, in the linear regime
of perturbations, that is characterized by the redshift zk. Some cases for the mode
k/(a0H0) = 300 are shown in table II, where the results show that as η increases the
transition occurs later.
Particularly interesting is the model (3.27) that, for α = 1 coincides with the HS
model for c2 = 1. As follows from table III, for η = 1 the solar system constraints can
not be satisfied, unless α takes values α < 10−12. However in this case the deviation
parameter maintains a very small value until the current time making this case undis-
tinguishable from ΛCDM. Better results are obtained for larger η since m(R) becomes
steeper, as shown in Fig. 2 and also in table IV for m(z ≈ 0), where m reaches values
at the current epoch that are between the scope of near future observations.
In general, one can consider models of the type f(R) = R − λµ2e−g(R), where the
positive definite function g(R) satisfies the asymptotic behavior g(R→∞)→ 0 and
g(R→ 0)→∞. The first limit leads to an effective cosmological constant while the
second leads to disappearing cosmological constant in the flat space time limit. Par-
ticularly it was found that the function g(R) given by (3.57) contains the HS model
and reduces to it by setting α = 1. For this model it was found, that, in the regime
µ2 << R, the deviation parameter m behaves according to (3.60), and at late times,
according to (3.62)-(3.64), the slope of m always changes proportional to α but de
dependency on λ1 can change depending on its value. If λ1 << 1, the slope of m is
proportional to λ1 according to (3.62). In the case λ1 > 1, (given that yds & 1), if
we analyze different values of α and λ1 such that their product αλ1 = const., then in
the regime µ2 << R, m keeps the same value (see (3.60) while the slope of m at late
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times changes, being steeper for lower values of λ1 (see (3.63). In the limit λ1 >> 1
the steepness of m no longer depends on λ1 and is approximated by (3.64).
All the proposed models possess practically the same rich observational signatures
relevant to SN Ia, galaxy clustering and CMB, and can show appreciable deviation
from the ΛCDM model around the present epoch. But given this degeneracy, in the
sense of the similarity of results, the model (3.54) looks more appropriate for its sim-
plicity. A key role in discriminating among different modified gravity models will be
played by upcoming observational advances.
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